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ABSTRACT
We present numerically derived orbits and mass estimates for the inner Saturnian satellites, Atlas, Prometheus,
Pandora, Janus, and Epimetheus from a ﬁt to 2580 new Cassini Imaging Science Subsystem astrometric
observations spanning 2004 February to 2013 August. The observations are provided as machine-readable
and Virtual Observatory tables. We estimate GMAtlas = (0.384± 0.001) × 10
−3 km3 s−2, a value 13% smaller than
the previously published estimate but with an order of magnitude reduction in the uncertainty. We also ﬁnd
GMPrometheus= (10.677± 0.006) × 10
−3 km3 s−2, GMPandora = (9.133± 0.009) × 10
−3 km3 s−2, GMJanus= (126.51
± 0.03) × 10−3 km3 s−2, and GMEpimetheus= (35.110± 0.009) × 10
−3 km3 s−2, consistent with previously published
values, but also with signiﬁcant reductions in uncertainties. We show that Atlas is currently librating in both the
54:53 co-rotation-eccentricity resonance (CER) and the 54:53 inner Lindblad (ILR) resonance with Prometheus,
making it the latest example of a coupled CER-ILR system, in common with the Saturnian satellites Anthe,
Aegaeon, and Methone, and possibly Neptuneʼs ring arcs. We further demonstrate that Atlasʼs orbit is chaotic, with
a Lyapunov time of ∼10 years, and show that its chaotic behavior is a direct consequence of the coupled resonant
interaction with Prometheus, rather than being an indirect effect of the known chaotic interaction between
Prometheus and Pandora. We provide an updated analysis of the second-order resonant perturbations involving
Prometheus, Pandora, and Epimetheus based on the new observations, showing that these resonant arguments are
librating only when Epimetheus is the innermost of the co-orbital pair, Janus and Epimetheus. We also ﬁnd
evidence that the known chaotic changes in the orbits of Prometheus and Pandora are not conﬁned to times of apse
anti-alignment.
Key words: astrometry – celestial mechanics – planets and satellites: dynamical evolution and stability – planets
and satellites: rings
Supporting material: machine-readable and VO tables
1. INTRODUCTION
The complexity of the dynamical environment occupied by
the small inner Saturnian satellites is now becoming clearer,
due in large part to the success of observing campaigns such as
those using the Imaging Science Subsystem (ISS) of the
Cassini orbiter. An understanding of this dynamical environ-
ment and its past history is crucial for constraining models for
the physical origin and evolution of the inner satellites and
rings of Saturn (Lainey et al. 2009; Charnoz et al. 2011; Lainey
et al. 2012). The availability of high-resolution ISS images to
generate a dense coverage of high-quality astrometric observa-
tions of these satellites, so far spanning almost 10 years, has
been vital, while similar campaigns using the Hubble Space
Telescope (HST) have provided a temporal link with earlier
Voyager observations (French et al. 2003). Although in this
work we consider only the current state of ﬁve of the inner
satellites of Saturn and their short-term dynamical evolution,
we also provide high-precision starting conditions and mass
estimates that can be used to constrain studies of the longer-
term dynamical and physical evolution of the system as a
whole.
This work focuses on Atlas, Prometheus, Pandora, Janus,
and Epimetheus, the ﬁve satellites closest to the main rings of
Saturn, excluding Daphnis and Pan, which orbit within gaps
inside the A Ring. We treat these satellites as a group because
of their close dynamical relationship, described in more detail
below. In previous work, Spitale et al. (2006) ﬁtted observa-
tions of Atlas using Voyager, HST, and Cassini ISS
observations spanning 2004 February 6 and 2005 November
6, in addition to Earth-based, Voyager, HST, and Cassini
observations of Prometheus, Pandora, Janus, and Epimetheus.
Jacobson et al. (2008) updated the work of Spitale et al. (2006)
with the addition of new Cassini observations, extending the
observation timespan to 2007 March 24. The extension of the
timespan of Cassini ISS observations to 2013 August 28 in the
current work is particularly important in terms of covering the
most recent chaotic interaction between Prometheus and
Pandora in 2013 February, as well as the latest switch in the
orbits of the co-orbitals, Janus and Epimetheus, in 2010
January. As indicated below, the additional need to constrain
resonant effects in the orbit of Atlas with periods of three or
more years also greatly beneﬁts from this extended dense
coverage of observations.
Resonant phenomena are widespread within the Saturnian
satellite and ring system as a whole, but particularly so among
the small inner satellites, and a clear picture of the nature and
evolution of these resonances is important in unravelling the
dynamical history of the inner satellites and rings. Therefore, in
addition to providing updated orbits and mass estimates for
these satellites based on the extended timespan provided by the
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new observations, a further objective of this paper is to provide
an updated and more comprehensive numerical analysis of the
key resonant relationships between the ﬁve satellites forming
the subject of this study.
In terms of known resonant relationships, the co-orbitals
Janus and Epimetheus undergo a switch in their horseshoe
orbital conﬁguration every four years, with the outer satellite of
the pair becoming the inner and vice versa. Prometheus and
Pandora undergo a chaotic interaction every 6.2 years at closest
approach (apse-antialignment), as a result of a 121:118
resonance between these two satellites (Goldreich &
Rappaport 2003a, 2003b; Renner & Sicardy 2003; Cooper &
Murray 2004; Renner et al. 2005). Farmer & Goldreich (2006),
who further studied the Prometheus–Pandora system analyti-
cally and numerically, showed that these interactions may
occur at times other than at apse-antialignments. Pandora is in a
3:2 near-resonance with Mimas, which causes an oscillation in
its longitude with period 612 days, modulated by the
approximate 70 year period due to the inclination-type
resonance between Mimas and Tethys (French et al. 2003).
Spitale et al. (2006) noted a periodic perturbation in the orbit of
Atlas with an amplitude of about 600 km and a period of about
three years, due to a 54:53 mean motion resonance with
Prometheus, suggesting that the likely librating resonant
argument is 53lProm−52lAtlas−vProm. They also identiﬁed a
70:67 mean motion resonance between Pandora and Atlas with
an amplitude of about 150 km and argued that because the
orbits of Prometheus and Pandora are chaotic, Atlas is also
likely to be chaotic. Cooper & Murray (2004) noted the
proximity of Prometheus to the 17:15 mean motion resonance
with Epimetheus and Pandora to the 21:19 mean motion
resonance, also with Epimetheus, and further noted that these
resonances sweep across their orbits when Epimetheus
switches position with respect to Janus every four years.
In this paper, we give an updated analysis of these resonant
relationships, based on the new orbital solutions. For example,
we show not only that Atlas is currently librating in the 54:53
mean motion resonance with Prometheus with resonant
argument 53lProm−52lAtlas−vProm, but that, in addition, the
resonant argument 53lProm−52lAtlas−vAtlas is also librating.
Thus, we ﬁnd that Atlas can be added to a growing list of small
inner Saturnian satellites that are simultaneously librating in
coupled corotation-eccentricity (CER) and inner Lindblad-
(ILR)-type resonances. The other examples so far known are
Methone, Anthe, and Aegaeon interacting with Mimas (Spitale
et al. 2006; Cooper et al. 2008; Hedman et al. 2009; El
Moutamid et al. 2014) and possibly Neptuneʼs ring arcs
(Namouni & Porco 2002; Renner et al. 2014). We then show
that the observed short-term dynamical evolution of Atlas can
be well-approximated by a three-body system consisting of
Atlas, Prometheus, and Saturn only, and use a chaos indicator
to estimate the chaoticity in Atlas’ orbit. Hence, the coupled
ﬁrst-order resonant interaction between Atlas and Prometheus
is the primary dynamical inﬂuence on the orbit of Atlas. It
follows that the primary source of chaos in the orbit of Atlas is
the direct effect of the coupled resonance with Prometheus,
rather than the secondary effect of the chaotic interaction
between Prometheus and Pandora.
2. OBSERVATIONS
Cassini ISS images used in this work come mainly from
SATELLORB image sequences. These sequences form part of
a campaign of observations of the small inner satellites of
Saturn in progress throughout the Cassini tour, a campaign
which by end of mission will have provided dense coverage
between 2004 and 2017. In addition, we include observations
from image sequences designed to study Saturnʼs F ring, many
of which contain opportunistic sightings of Atlas, Prometheus,
and Pandora, in addition to Pan and Daphnis (though these
satellites do not form part of the current work). Of the 2580
observations presented here, the majority (2567) used narrow
angle camera (NAC) images while the remaining 13 came from
wide-angle camera (WAC) images.
Astrometric measurements were made using the Caviar
software package. Caviar (CAssini Visual Image Analysis
Release) was developed at Queen Mary University of London
for the analysis and astrometric reduction of Cassini ISS
images and uses the IDL data language (Exelis Visual
Information Solutions, Boulder, Colorado). Data reduction
consisted of a correction to the camera pointing orientation
together with a measurement of the pixel coordinates (line
and sample) of the astrometric position of each satellite in a
given image (we use the Cassini convention of referring to
the x-coordinate as “sample” and y-coordinate as “line”). The
camera pointing was corrected using the positions of reference
stars extracted from the UCAC2 and Tycho-2 catalogs (Høg
et al. 2000; Zacharias et al. 2004). We obtain a typical
pointing accuracy of 0.1 pixel (0.12357 arcsec) or less.
Zacharias et al. (2013) quote positional differences between
UCAC2 and the more recent UCAC4 catalog of only a few
up to 10 mas over the entire range of magnitude, so we would
not expect our achieved pointing accuracy to change
signiﬁcantly with UCAC4. The astrometric positions of
unresolved or poorly resolved satellites were estimated using
a centroid-estimation method based on Stetson (1987). The
measured positions of the center-of-light were then adjusted to
the center-of-ﬁgure using a correction depending on the phase
angle between the observer, satellite, and the Sun. For images
of resolved satellites, the center-of-ﬁgure was estimated by
ﬁtting an ellipsoidal shape model obtained from the latest
SPICE kernels (Table 1). The number of limb-ﬁtted and
centroided measurements for each satellite are summarized in
Table 2.
The complete set of observations is provided as a machine-
readable table. In this table, we provide for each observation
Table 1
SPICE Kernels Used in Orbit Determination and Numerical Modeling
Kernel namea
cas_v40.tf
cas_rocks_v18.tf
pck00007.tpc
naif0010.tls
casT91.tsc
cpck26Apr2012.tpc
corrected_120217_cpck_rock_21Jan2011_merged.tpc
de414.bsp
sat242.bsp
jup263.bsp
a Kernels are available by anonymous ftp from ftp://naif.jpl.nasa.gov/pub/naif/
CASSINI/kernels.
(This table is available in machine-readable and Virtual Observatory (VO)
forms.)
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the image name, time, estimated pointing information in
terms of the right ascension, declination and TWIST angles
for of the optical axis, the measured line and sample values
for the satellite in question, and their equivalents expressed as
right ascension and declination. A small section of the full
table is provided in Table 3 as an indication of its form and
content.
3. ORBITAL SOLUTIONS
A numerical integration of the full equations of motion in
three dimensions (3D) was ﬁtted to the astrometric data for
Atlas, Prometheus, Pandora, Janus, and Epimetheus, solving
for their state vectors at the epoch 2007 June 1 00:00:00.0, and
for their masses. The perturbing effects of Mimas, Enceladus,
Tethys, Dione, Rhea, Titan, Hyperion, and Iapetus were
Table 2
Summary of Cassini ISS Observations
Satellite Start End Total No.a COL COF rmsb rmsb
Line (km) Sample (km)
Atlas 2004 May 19 15:13:24.884 2013 Aug 28 09:44:38.943 375 299 76 12.7 10.6
Prometheus 2004 Apr 2 10:52:24.434 2013 Aug 28 18:01:26.753 832 166 666 16.3 13.8
Pandora 2004 Feb 23 21:46:25.113 2013 Aug 28 21:00:50.685 509 166 343 23.1 21.0
Janus 2004 Feb 23 21:56:55.109 2012 Dec 18 17:28:49.841 413 113 300 27.6 19.9
Epimetheus 2004 Feb 16 22:14:25.048 2012 Dec 27 01:03:09.278 451 144 307 26.2 22.8
a Totals include NAC and WAC images (the overwhelming majority are NACs). WAC counts are: Atlas (0), Prometheus (1), Pandora (3), Janus (5), Epimetheus (4).
COF (center-of-ﬁgure) refers to the number of observations limb-ﬁtted and COL (center-of-light) to the number of observations centroided.
b rms values are post-ﬁt O−C in kilometers. The smaller rms residuals for Atlas reﬂect the fact that most observations for this satellite used a centroiding rather than a
limb-ﬁtting technique. See Section 3.1 for further discussion.
Table 3
Sample of Cassini ISS Observationsa
Image ID Time (UTC) R.A. Decl. TWIST Lineb Sampleb R.A. Decl. Object
(deg) (image pointing) (deg) (object) (object) (object) (object) Name
(deg) (px) (px) (deg) (deg)
N1463672236 2004 May 19 15:13:24.884 36.473373 10.058227 110.109989 856.00 259.00 36.390893 9.936157 Atlas
N1463672551 2004 May 19 15:18:39.882 36.326424 9.900412 110.156792 318.00 540.00 36.386305 9.932481 Atlas
N1463672866 2004 May 19 15:23:54.880 36.547986 9.813732 110.256168 842.50 992.00 36.381789 9.929112 Atlas
N1463731456 2004 May 20 07:40:24.498 36.431500 9.944629 110.166061 637.00 274.00 36.418984 9.853239 Atlas
N1463731771 2004 May 20 07:45:39.496 36.416473 9.691020 110.237587 326.00 937.00 36.425826 9.850107 Atlas
N1463930793 2004 May 22 15:02:40.200 36.471507 9.969432 110.157877 535.00 485.00 36.467002 9.958112 Atlas
N1463931723 2004 May 22 15:18:10.194 36.433968 9.855041 110.208023 383.00 752.00 36.447039 9.947762 Atlas
N1463990463 2004 May 23 07:37:09.811 36.493429 9.973714 110.154241 734.00 257.00 36.451207 9.865373 Atlas
a Angular coordinates are expressed with respect to the International Celestial Reference Frame (ICRF). Columns 3, 4, and 5 together provide the corrected pointing
direction and orientation of the camera optical axis.
b The origin of the line, sample coordinate system is at the top left of the image with line, y, increasing downward and sample, x, to the right.
(This table is available in machine-readable and Virtual Observatory (VO) forms.)
Table 4
GM Values for Other Perturbing Bodies used in
Orbit Determination and Numerical Modeling
Body GMa (km3 s−2)
Sun 0.132712440040945E+12
Jupiter 0.126712764800000E+09
Mimas 2.502784093954375E+00
Enceladus 7.211597878640501E+00
Tethys 4.121706150116760E+01
Dione 7.311724187382050E+01
Rhea 1.539395338114438E+02
Titan 8.978142565744738E+03
Hyperion 3.720643391175467E–01
Iapetus 1.205106368043288E+02
a GM values for the Saturnian satellites from JPL SAT351 ephemeris. GM
values for Sun and Jupiter from cpck26Apr2012.tpc.
Table 5
Saturn Constants Used in Orbit Determination
Constant Valuea Units
Pole (R.A., Decl.) (40.59550, 83.53812) deg
Pole epoch 1980 Nov 12 23:47:23.0
Pole pression rate (R.A.) −0.04229 deg/century
Pole pression rate (Decl.) −0.00444 deg/century
GM 3.793120706585872E+07 km3 s−2
Radius, Rs 60330 km
J2 1.629084747205768E-02
J4 −9.336977208718450E-04
J6 9.643662444877887E-05
a Pole position and rates from Jacobson (2004). This position was precessed to
the ﬁt epoch, 2007 January 1 00:00:00.0 UTC, using the rates shown.
Reference radius from Kliore et al. (1980). Zonal harmonics and GM from the
JPL SAT351 ephemeris.
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included in the model, using positions extracted from JPLʼs
SAT351 ephemeris, via the SPICE package (Acton 1996),
together with the mass values given in Table 4. Saturnʼs
oblateness was incorporated up to terms in J6 (values also from
SAT351), while perturbations from the Jupiter system and the
Sun were based on positions from DE414 (Table 5).
Solutions for the state vectors and masses were obtained by
solving the variational equations simultaneously with the
equations of motion, minimizing the observed-minus-computed
(O − C) residuals iteratively. All observations were equally
weighted. Numerical integration of the equations of motion and
the variational equations was performed using the 12th order
Runge–Kutta–Nyström RKN12(10)17M algorithm of Brankin
et al. (1989), while the equations of condition were solved
using the SVD-based approach of Lawson and Hanson
(Lawson & Hanson 1975). For more details relating to the
numerical integration and model ﬁtting scheme used in this
work, see Murray et al. (2005). The ﬁnal solutions for the ﬁtted
state vectors are given in Table 6 and for the masses (GM
values) in Table 7.
3.1. Analysis of Residuals
Figures 1 and 2, respectively, compare the pre- and post-ﬁt
O − C residuals, in pixels, for each satellite, plotted as a
function of time. The pre-ﬁt residuals (Figure 1) were
computed with respect to the JPL ephemeris SAT353, while
the post-ﬁt residuals (Figure 2) are those obtained after ﬁtting
the numerical model described in the previous section to the
observations. We compare with SAT353 rather than the
recently released (2014 January) SAT363 epheremis in order
to be able to show a pre/post-ﬁt comparison. SAT363 is
based on a ﬁt to Cassini data up to late 2013, including the
SATELLORB observations presented in this paper, so
residuals relative to this ephemeris are post-ﬁt.
The improvement in the post-ﬁt residuals (Figure 2) for the
later observations compared their pre-ﬁt equivalent (Figure 1)
is to be expected because the SAT353 ephemeris is based on a
ﬁt to Earth-based, Voyager, HST, and Cassini data up to 2011
January 20 and is therefore unable to constrain adequately the
chaotic interaction between Prometheus and Pandora which
occurred around 2013 February 18. The size of the pre-ﬁt
residuals for the later observations is a direct result of the
chaotic orbital motion of Atlas, Prometheus, and Pandora, and
underlines the need for good observational coverage for these
satellites.
The rms O − C residual values for each satellite in the line
and sample directions are provided in Table 2, in units of
kilometers. The equivalent mean values, in units of pixels, are
labeled in Figures 1 and 2 and indicate the presence of a small
positive bias in the line residuals for Prometheus, Pandora,
Janus, and Epimetheus, though not for Atlas. Mean sample
residuals are close to zero, indicating no signiﬁcant bias. This is
also evident in Figure 3, where the residuals are plotted as line
versus sample, converted to kilometers. Investigation has
shown that the origin of this bias is in the use of limb-
detection to ﬁnd the center-of-ﬁgure from resolved satellite
images. The position of the center-of-ﬁgure was found to be
slightly biased in the direction of the satellite limb, and this was
found to be true to a greater-or-lesser extent with three different
limb detection techniques. If the satellite limb directions were
randomly distributed from image to image, no systematic effect
would be detectable. However, because limbs are dominantly
aligned in the same direction in the majority of images, for
spacecraft operational reasons, this appears as a systematic
effect in the positive line direction (Cooper et al. 2014). Atlas
observations were mainly centroided rather than limb-ﬁtted
Table 6
Solutions for the Planetocentric State Vectors in the ICRF at Epoch 2007 June 1
00:00:00.0 UTC (2007 June 1 00:01:05.184 or 2454252.50075446 JD TDB)
Atlas Units
x 0.211131940542735E+05 ± 1.4635592526 km
y 0.135369294031375E+06 ± 0.3073324691 km
z −0.117994571363612E+05 ± 0.8603172593 km
x˙ −0.163985169014096E+02 ± 0.0001739128 km s−1
y˙ 0.265851621781565E+01 ± 0.0000060008 km s−1
z˙ 0.121515798698684E+01 ± 0.0000933200 km s−1
Prometheus Units
x −0.139075476234052E+06 ± 0.6523101432 km
y −0.299630283368139E+04 ± 0.1379426749 km
z 0.121750245927928E+05 ± 0.5254326536 km
x˙ 0.437822964122312E+00 ± 0.0000727584 km s−1
y˙ −0.164562743532697E+02 ± 0.0000041728 km s−1
z˙ 0.117690166176359E+01 ± 0.0000627568 km s−1
Pandora Units
x 0.882713818598140E+05 ± 1.0113932949 km
y 0.110230473398456E+06 ± 0.8085330496 km
z −0.158256977509867E+05 ± 0.7225425073 km
x˙ −0.127680928599784E+02 ± 0.0001101016 km s−1
y˙ 0.102096992841201E+02 ± 0.0000603615 km s−1
z˙ 0.353489290599632E+00 ± 0.0000797166 km s−1
Janus Units
x 0.117969400691064E+06 ± 1.1338663430 km
y 0.925426967020695E+05 ± 0.7704515369 km
z −0.173829056177225E+05 ± 0.6284654451 km
x˙ −0.990085822183523E+01 ± 0.0001120748 km s−1
y˙ 0.124533083800756E+02 ± 0.0000386836 km s−1
z˙ −0.803656578358153E-01 ± 0.0000722691 km s−1
Epimetheus Units
x 0.188797545005757E+05 ± 1.6617867438 km
y −0.149365181703202E+06 ± 0.1356577159 km
z 0.103158087510301E+05 ± 0.8851737386 km
x˙ 0.157497527566054E+02 ± 0.0001515017 km s−1
y˙ 0.174499934532077E+01 ± 0.0000416942 km s−1
z˙ −0.148701850883106E+01 ± 0.0000860619 km s−1
rms 0.855 (NAC) pixel
rms 1.057 (NAC) arcsec
(This table is available in machine-readable and Virtual Observatory (VO)
forms.)
Table 7
Solutions for GM (km3 s−2 × 103)
Satellite Jacobson et al. (2008) This Work
Atlas 0.44 ± 0.04 0.384 ± 0.001
Prometheus 10.64 ± 0.10 10.677 ± 0.006
Pandora 9.15 ± 0.13 9.133 ± 0.009
Janus 126.60 ± 0.08 126.51 ± 0.03
Epimetheus 35.13 ± 0.02 35.110 ± 0.009
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(Table 2) and thus mean residuals for Atlas are close to zero.
Again, comparing Figures 1 and 2, the mean values for
Prometheus, Pandora, Janus, and Epimetheus do not change
signiﬁcantly post-ﬁt. This suggests that any bias in the
observations is not being absorbed by the ﬁt and therefore
not signiﬁcantly affecting the results. This was conﬁrmed by
applying a pre-ﬁt correction to the observations based on the
average of the pre-/post-ﬁt mean line residual values for each of
Figure 1. Pre-ﬁt residuals (O − C). Line and sample residuals relative to JPLʼs SAT353 ephemeris, plotted in NAC pixels as a function of time. For each satellite, the
line residuals are shown in the left-hand panel and sample residuals in the right. Vertical and horizontal scales match those in Figure 2. Vertical dashed lines
correspond to 2011 January 20, the end of the observation timespan used in the SAT353 solution. The divergence in the residuals beyond this time is due to the lack of
observational constraint. (SAT363 shows no divergence because it is a ﬁt to observations up to late 2013.)
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the satellites Prometheus, Pandora, Janus, and Epimetheus
(0.39, 0.27, 0.64, and 0.45 pixels, respectively), before
rerunning the ﬁt. The ﬁtted masses obtained for all the
satellites, including Atlas, changed only in the last decimal
place, and the changes were, in all cases, within the stated
parameter uncertainties.
4. NUMERICAL MODELING
Using the full numerical model derived from the ﬁt to the
observations, we generated ephemerides for Atlas, Prometheus,
Pandora, Janus, and Epimetheus spanning the period
2000–2020. Given that the observation timespan is approxi-
mately 2004–2013, the ephemerides include a period of a few
Figure 2. Post-ﬁt residuals (O − C). Line and sample residuals after ﬁtting to the new observations, plotted in NAC pixels as a function of time. The divergence visible
in the pre-ﬁt residuals (Figure 1) is now greatly reduced due to the better observational coverage. For each satellite, the line residuals are shown in the left-hand panel
and sample residuals in the right. Vertical and horizontal scales match those in Figure 1.
6
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Figure 3. Scatter plot showing post-ﬁt residuals (O − C) in kilometers. Data are as in Figure 2, except plotted as line residual vs. sample residual, converted to
kilometers. Four line values and two sample values are off-scale. These correspond to low-resolution images (including some WAC images), where the number of km
pixel−1 is particularly large. The small bias in the line direction, particularly for Janus and Epimetheus, arises in the limb-detection algorithm used to measure centers-
of-ﬁgure. Atlas shows very little bias because the observations are generated mainly using a centroiding technique rather than limb-ﬁtting. See Section 3.1 for further
discussion.
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years at each end of the time-range which lack observational
constraint. However, we believe that this is justiﬁable given the
precision of the observations and that the Lyapunov time for
Atlas–Prometheus system is approximately 10 years (this work,
see below) and for the Prometheus–Pandora system is
approximately 3 years (this work and Goldreich & Rappaport
2003a; Cooper & Murray 2004).
4.1. Orbital Elements
In Figures 4–8 inclusive, we show the geometrical orbital
elements for Atlas, Prometheus, Pandora, Janus, and
Epimetheus, respectively, plotted as a function of time,
between 2000 January 1 and 2020 January 1. These were
derived by converting state vectors, extracted from the
ephemeris at 1.5 hour intervals, to geometric elements using
the algorithm of Renner & Sicardy (2006).
In Figure 4, we note an irregular periodic oscillation in the
semimajor axis, eccentricity, mean longitude, and longitude of
pericenter of Atlas. We show below that this is the effect of a
couple CER-ILR resonant relationship between Atlas and
Prometheus. We also show that the irregularity of the oscillation
is an effect of the chaotic nature of this resonant interaction.
Figure 4. Geometric orbital elements for Atlas as a function of time between 2000 January 1 and 2020 January 1, from the full numerical model, using the parameters
from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of pericenter, and longitude of ascending node, using
rates of 598.31312, 2.8799044, and −2.8679477 deg day−1, respectively.
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The orbit of Prometheus is known to be chaotic and in
Figure 5 the irregularity of Prometheusʼs orbital elements as a
function of time is immediately apparent, with no well-behaved
periodic effects visible on this 20 year timescale. By
comparison, the periodic effect of the near-resonance between
Pandora and Mimas, described in the Introduction, is clear in
Figure 6 and this tends to mask the expected anti-correlation
between the mean longitudes of Prometheus and Pandora
(compare Figures 5(d) and 6(d).
Comparing Figures 7 and 8, the orbital elements for the co-
orbitals Janus and Epimetheus are dominated by the effects of
the switch in their orbital conﬁguration every four years. The
sharp, linear saw-tooth behavior of the mean longitudes
(Figures 7(d) and 8(d)) suggests that the mean motions of
these satellites are constant in between otherwise virtually
instantaneous switches in their orbital conﬁguration. However,
this is misleading: the true behavior is more subtle and cannot
be seen in the mean longitudes on this scale. The semimajor
axes (Figures 7(a) and 8(a)) provide a more revealing picture
of the variability of the orbital motion, clearly showing that the
semimajor axes and hence the mean motions are in fact
constantly changing over the course of each four-year cycle.
Figure 5. Geometric orbital elements for Prometheus as a function of time between 2000 Januay 1 and 2020 January 1, from the full numerical model, using the
parameters from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of pericenter, and longitude of ascending
node, using rates of 587.28501, 2.7576978, and −2.7449045 deg day−1, respectively.
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Thus, the orbits of these satellites do not behave as uniformly
precessing ellipses in between each switch in conﬁguration.
See also Figure 3.25, p.144 from Murray & Dermott (1999).
4.2. Resonant Perturbations
French et al. (2003); Goldreich & Rappaport (2003a);
Cooper & Murray (2004); Spitale et al. (2006) independently
inferred the existence of a variety of mean-motion resonant
relationships between Atlas, Prometheus, Pandora, and Epi-
metheus based on ﬁxed estimates of their semimajor axes,
apsidal, and nodal precession rates. In practice, these three
quantities all vary with time and the only complete way to
conﬁrm whether or not a state of resonance exists at any time is
to plot the time-variation of the resonant argument in question.
Below, we describe each of these resonant relationships in
more detail and display each resonant argument as a function of
time, using values extracted from the full multi-body 3D
numerical model, described earlier.
4.2.1. Epimetheus, Prometheus, and Pandora
Based on their respective semimajor axes, apsidal, and nodal
precession rates, Cooper & Murray (2004) identiﬁed two sets
Figure 6. Geometric orbital elements for Pandora as a function of time between 2000 January 1 and 2020 January 1, from the full numerical model, using the
parameters from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of pericenter, and longitude of ascending
node, using rates of 572.78861, 2.5997363, and −2.5880595 deg day−1, respectively.
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of second-order mean motion resonances due to Epimetheus
close to the orbits of Prometheus and Pandora: speciﬁcally,
three 17:15 eccentricity-type resonances between Epimetheus
and Prometheus and three 21:19 eccentricity-type resonances
between Epimetheus and Pandora (Cooper & Murray 2004,
Table 5). They also showed that the locations of these
resonance change with respect to Prometheus and Pandora
every four years, when Janus and Epimetheus undergo their
switch in co-orbital conﬁguration. However, Cooper & Murray
(2004) did not plot the time-variation of the these resonant
arguments. We do so in Figure 9, where we see very clearly
that in all cases these resonant arguments change their behavior
precisely at times corresponding to the four-year switches in
the orbital conﬁguration of Janus and Epimetheus, marked in
the ﬁgure by the vertical dot-dashed red lines.
In each of the periods 2002–2006, 2010–2014, and
2018–2020, when Epimetheus is the innermost of the two co-
orbitals, all six resonant arguments are either in a state of
libration or slow-circulation, while in between, when Epi-
metheus is outermost, all six arguments are rapidly circulating
and no state of resonance exists. More speciﬁcally, we see that
the arguments l l v v¢ - - ¢ -17 15 (where the primed
quantity refers to Epimetheus and the unprimed to Pandora)
and l l v¢ - -21 19 2 (where the unprimed quantity now
Figure 7. Geometric orbital elements for Janus as a function of time between 2000 January 1 and 2020 January 1, from the full numerical model, using the parameters
from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of pericenter, and longitude of ascending node, using
rates of 518.29207, 2.0535596, and −2.0453735 deg day−1, respectively.
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refers to Pandora) are both librating when Epimetheus is in the
inner conﬁguration. Thus, Epimetheus is simultaneously in a
second-order mean motion resonance with both Prometheus
and Pandora when in the inner conﬁguration, and outside this
resonance when in the outer conﬁguration with respect to
Janus.
4.2.2. Prometheus and Pandora
Goldreich & Rappaport (2003a) and Renner & Sicardy
(2003) showed that approximately every 6.2 years, at closest
approach (apse anti-alignment), Prometheus and Pandora
interact gravitationally in such a way that their mean motions
change chaotically, thus accounting for the observed drift in
their mean longitudes identiﬁed by French et al. (2003) in HST
observations, compared to earlier Voyager observations.
Goldreich & Rappaport (2003a) and Renner & Sicardy
(2003) identiﬁed four overlapping 121:118 mean motion
resonances as being the source of the chaos in the orbits of
Prometheus and Pandora. Using a pendulum model Farmer &
Goldreich (2006) showed analytically that these observed
sudden changes in mean motion represent separatrix crossings,
marking short-periods of libration followed by longer periods
of circulation. However, they further demonstrated numeri-
cally, using the full equations of motion, that these separatrix
crossings are not in fact conﬁned to times of closest approach at
Figure 8. Geometric orbital elements for Epimetheus as a function of time between 2000 January 1 and 2020 January 1, from the full numerical model, using the
parameters from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of pericenter, and longitude of ascending
node, using rates of 518.29207, 2.0538720, and −2.0455737 deg day−1, respectively.
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apse anti-alignment, and that they can occur far from such
times, even at times of apse-alignment.
This seems to be conﬁrmed both by Figure 10, showing the
mean longitudes for Atlas, Prometheus, and Pandora, where the
sudden jumps in the mean longitude of Prometheus do not
always seem to correlate with apse anti-alignments (vertical
black dashed lines) and by Figure 11, in which we plot as a
function of time the four resonant arguments for the 121:118
mean motion resonance identiﬁed by Goldreich & Rappaport
(2003a) and Renner & Sicardy (2003), using values derived
from our full numerical model. The times of apse anti-
alignments marked by the vertical black dashed lines in
Figure 11 also do not correlate in any obvious way with the
boundaries between episodes of libration and circulation of the
Figure 9. Resonant arguments, ϕ, in degrees, for Epimetheus, Prometheus, and Pandora between 2000 January 1 and 2020 January 1 from the full numerical model,
using the physical parameters from Tables 4 to 7 inclusive: (a) f l l v= ¢ - - ¢17 15 2 , (b) f l l v v= ¢ - - ¢ -17 15 , (c) f l l v= ¢ - -17 15 2 , (d)
f l l v= ¢ - - ¢21 19 2 , (e) f l l v v= ¢ - - ¢ -21 19 , (f) f l l v= ¢ - -21 19 2 , where the primed quantities refer to Epimetheus in all cases, and the
unprimed quantities to Prometheus for (a) to (c), and Pandora for (d) to (f). Vertical red dot-dashed lines mark switches in the conﬁguration of Janus and Epimetheus.
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resonant arguments. This apparently conﬁrms the conclusion of
Farmer & Goldreich (2006) that these jumps should not be
conﬁned to times of anti-alignment alone.
4.2.3. Atlas and Prometheus
Referring again to Figure 10, in which the mean longitudes
for Atlas, Prometheus, and Pandora are plotted as a function of
time in the same display, the vertical black lines mark the times
of closest approach between Prometheus and Pandora,
approximately every 6.2 years, while the vertical red lines
mark the times of the switches in the orbital conﬁguration of
Janus and Epimetheus, every four years. The ﬁt epoch is
marked by the blue vertical line. The mean longitude of Atlas is
dominated by a ∼4 year oscillation, which we show below is
the effect of the 54:53 CER with Prometheus.
Figure 12 displays the temporal variation of the resonant
arguments f l l v= ¢ - -54 531 and f l= ¢-542 l v- ¢53 ,
again using the orbital elements derived from the full numerical
model as above. Primed quantities refer to Prometheus and
unprimed quantities to Atlas, with λ representing the mean
longitude, and ϖ the longitude of pericenter in each case. Once
again, the vertical black dashed lines mark the closest
approaches between Prometheus and Pandora, the vertical red
dot-dashed lines mark the switches in the conﬁguration of
Janus and Epimetheus, and the vertical blue line marks the ﬁt
epoch. We see that both arguments are librating in an irregular
fashion, punctuated by short episodes of circulation. The
second argument (CER) appears to be more stable than the ﬁrst
(ILR), with the latter showing evidence of slow circulation. We
see no obvious correlation between the behavior of these
arguments and the times of either the closest approaches
between Prometheus and Pandora (at apse anti-alignment) or
the switches in the orbits of Janus and Epimetheus, suggesting
that the dominant dynamical inﬂuence on Atlas is Prometheus
alone.
We investigated this further by repeating the numerical
simulation for a system consisting of Atlas, Prometheus, and
Saturn only. In Figure 13, we show the orbital elements for
Atlas derived from this three-body simulation for comparison
with those derived using the full model (Figure 4). The
behavior of the semimajor axis, mean longitude, eccentricity,
and longitude of pericenter are qualitatively similar, showing
the same periodicity, while in Figure 14, we see that the
behavior of the resonant arguments from the three-body system
are also in broad agreement with the full numerical model
(compare with Figure 12). Exact agreement would not be
expected, because the system is chaotic, as we demonstrate
below. We conclude from this that, dynamically, Atlas is
dominated by the resonant perturbation due to Prometheus
alone. The secondary effect on Atlas of the known chaotic
interaction between Prometheus and Pandora is much weaker,
at least over the observation timespan.
4.3. Conﬁrmation of the Chaotic Orbit of Atlas
The chaoticity of the motion of Saturnʼs small satellites was
investigated using the Fast Lyapunov Indicator method,
hereafter FLI (Froeschlé et al. 1997; Froeschlé & Lega 2000).
To compute the FLI time evolution, the variational equations
were integrated simultaneously with the full equations of
motion in a Saturn-centered cartesian reference frame, using a
15th order Radau type algorithm (Everhart 1985). The initial
tangent vector was chosen to be orthogonal to the force (Barrio
et al. 2009) and normalized to unity. The effects of the planetʼs
oblateness were taken into account up to and including terms in
J6. State vectors were converted to geometric orbital elements
using the algorithm given by Renner & Sicardy (2006). Unlike
osculating elements, the geometric elements are not contami-
nated by the short-period terms caused by planetary oblateness
(Borderies-Rappaport & Longaretti 1994). We used the
physical parameters of Saturn given in Table 5, and initial
states and masses for the satellites from Tables 6 and 7,
respectively.
The Lyapunov characteristic exponents theory is a widely
used tool for the estimation of chaoticity in dynamical systems.
These exponents basically measure the rate of exponential
Figure 10. Mean longitudes for (a) Atlas, (b) Prometheus, and (c) Pandora
between 2000 January 1 and 2020 January 1 from the full numerical model,
using the physical parameters from Tables 4 to 7 inclusive. Plotted values are
the same as Figures 4(d), 5(d), and 6(d), respectively (see the captions for
those ﬁgures). Vertical black dashed lines mark times of closest approach
between Prometheus and Pandora. Vertical red dot-dashed lines mark times of
switches in the conﬁguration of Janus and Epimetheus. The vertical blue line
marks the ﬁt epoch.
14
The Astronomical Journal, 149:27 (18pp), 2015 January Cooper et al.
Figure 11. Resonant arguments, ϕ, in degrees, for Prometheus and Pandora, between 2000 January 1 and 2020 January 1 from the full numerical model, using the
physical parameters from Tables 4 to 7 inclusive: (a) f l l v= ¢ - - ¢121 118 3 , (b) f l l v v= ¢ - - ¢ -121 118 2 , (c) f l l v v= ¢ - - ¢ -121 118 2 , and (d)
f l l v= ¢ - -121 118 3 , where the primed quantities refer to Pandora and the unprimed quantities to Prometheus. Vertical black dashed lines mark times of closest
approach between Prometheus and Pandora.
Figure 12. Resonant arguments for Atlas and Prometheus between 2000 January 1 and 2020 January 1 from the full numerical model, using the physical parameters
from Tables 4 to 7 inclusive. Resonant arguments are (a) f l l v= ¢ - -54 531 and (b) f l l v= ¢ - - ¢54 532 , where the primed quantities refer to Prometheus
and the unprimed quantities to Atlas, with λ representing the mean longitude, and ϖ the longitude of pericenter in each case. Vertical black dashed lines mark times of
closest approach between Prometheus and Pandora. Vertical red dot-dashed lines mark times of switches in the conﬁguration of Janus and Epimetheus. The vertical
blue line marks the ﬁt epoch.
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divergence between neighboring trajectories in phase space.
Chaos indicator methods based on the Lyapunov characteristic
exponents are reviewed in Skokos (2010). Comparative studies
of variational chaos indicators are given in, e.g., Mafﬁone et al.
(2011) and Darriba et al. (2012).
For a given autonomous dynamical system =x f x˙ ( ), the
maximum Lyapunov characteristic exponent (hereafter MLCE)
is deﬁned by =
¥
 twMLCE lim ln ( )
t t
1 , where w is a
deviation/tangent vector solution of the variational equations
= ¶¶w x w˙ ( )
f
x
of the system. The system is then chaotic for a
strictly positive value of the MLCE. The inverse of the MLCE
deﬁnes a characteristic timescale, the Lyapunov time, which in
practice measures the time needed for nearby orbits of the
system to diverge by e. The FLI is also based on the
computation of the norm of the tangent vector w, and is deﬁned
as the initial part, up to a stopping time tf, of the computation of
the MLCE : =
< <
 w tFLI sup ln ( )
t t0 f
. This makes the FLI
indicator a faster tool than the MLCE to distinguish chaotic
from regular orbits. For a chaotic orbit, the FLI grows linearly
with time, whereas the FLI of a regular orbit has a logarithmic
growth.
Typical results from numerical integrations are presented in
Figures 15 and 16. Figure 15 displays the FLI time evolution
for Prometheus (solid line) and Pandora (dashed), using the
physical parameters from Tables 5 and 7, and the initial
conditions from Table 6 at epoch 2007 June 1, 00:00:00.0
Figure 13. Geometric orbital elements for Atlas as a function of time between 2000 January 1 and 2020 January 1 from a three-body model consisting of Atlas,
Prometheus, and Saturn, using selected parameters from Tables 4 to 7 inclusive. Linear background trends have been subtracted from the mean longitude, longitude of
pericenter, and longitude of ascending node, using rates of 598.31185, 2.8789092, and −2.8674690 deg day−1, respectively.
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UTC. The upper curves represent the chaotic orbits for a three-
body model consisting of Saturn, Prometheus, and Pandora,
and the lower curves regular orbits obtained by removing
Prometheus or Pandora. The slope of the FLI evolution is in
good agreement with the Lyapunov exponent value for the
Prometheus–Pandora system of the order of 0.3 year−1 given by
Goldreich & Rappaport (2003a). In Figure 16, we show the
FLI versus time for Atlas, using also the physical parameters
from Tables 3 and 6, and the initial conditions of Table 7 at
epoch 2007 June 1, 00:00:00.0 UTC. The three upper curves
represent chaotic orbits and were obtained for a model
consisting of Saturn, Atlas, Prometheus, Pandora, and Mimas
(solid line), or Saturn, Atlas, and Prometheus only (dashed and
dotted). The initial semimajor axis differs within the measure-
ment error bars by ±0.1 km. The lower solid curve is a regular
orbit, obtained for a model consisting of Saturn, Atlas,
Pandora, and Mimas, with Prometheus removed.
We conclude therefore that Atlasʼs orbit is chaotic, as a
direct consequence of the coupled 54:53 resonant interaction
with Prometheus, with a Lyapunov time of ∼10 years indicated
by the FLI evolution.
Figure 14. Resonant arguments for Atlas and Prometheus between 2000 January 1 and 2020 January 1 from a three-body model consisting of Atlas, Prometheus, and
Saturn, using selected parameters from Tables 4 to 7 inclusive. Resonant arguments are (a) f l l v= ¢ - -54 531 and (b) f l l v= ¢ - - ¢54 532 , where the
primed quantities refer to Prometheus and the unprimed quantities to Atlas, with λ representing the mean longitude, and ϖ the longitude of pericenter in each case.
Vertical black dashed lines mark times of closest approach between Prometheus and Pandora. Vertical red dot-dashed lines mark times of switches in the conﬁguration
of Janus and Epimetheus. The vertical blue line marks the ﬁt epoch.
Figure 15. FLI vs. time for Prometheus (solid line) and Pandora (dashed)
using the physical parameters from Tables 4 and 7 at epoch 2007 June 1,
00:00:00.0 UTC. The upper curves represent the chaotic orbits from a three-
body model consisting of Saturn, Prometheus, Pandora, and the lower curves
show regular orbits obtained by removing Prometheus or Pandora.
Figure 16. FLI vs. time for Atlas, using the physical parameters from Tables 4
and 7 at epoch 2007 June 1, 00:00:00.0 UTC. The three upper curves represent
chaotic orbits and were obtained for a model consisting of Saturn, Atlas,
Prometheus, Pandora, and Mimas (solid line), or Saturn, Atlas, and Prometheus
only (dashed and dotted). The initial semimajor axis differs within the
measurement error bars by ±0.1 km. The lower solid curve shows regular
behavior, obtained for a model consisting of Saturn, Atlas, Pandora, and
Mimas, with Prometheus removed.
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5. SUMMARY AND DISCUSSION
Taking advantage of the extended timespan (2004 February–
2013 August) made possible by the new astrometric observa-
tions presented here, an improved orbital ﬁt to Cassini ISS
observations of the Atlas, Prometheus, Pandora, Janus, and
Epimetheus has been obtained, allowing their masses to be
estimated with an order-of-magnitude reduction in uncertainty
compared to the current published values (Jacobson
et al. 2008).
Using the initial states and masses derived from the ﬁt to the
observations, we have then developed an improved high-
precision numerical model for the orbits of these ﬁve satellites,
by numerically integrating the full equations of motion in 3D
between the years 2000 and 2020, incorporating perturbations
from the major Saturnian satellites, Jupiter, and the Sun,
together with the effects of Saturnʼs oblateness up to terms
in J6.
Based on the new model, a numerical analysis of the key
resonant interactions currently existing between these satellites
has further underlined the dynamical complexity of the orbits
of the small inner satellites of Saturn.
We ﬁnd that during each four-year period when Epimetheus
is the innermost of the Janus–Epimetheus co-orbital pair, it is
simultaneously librating in the 17:15 mean motion resonance
with Prometheus, with argument l l v v¢ - - ¢ -17 15 , and
the 21:19 mean motion resonance with Pandora, with argument
l l v¢ - -21 19 2 . Conversely, for the intervening four-year
period when Epimetheus is in the outer conﬁguration with
respect to Janus, no state of resonance exists. Although
Prometheus and Pandora are chaotic, with a Lyapunov time
about three years (Goldreich & Rappaport 2003a; Cooper &
Murray 2004), we were not able to detect chaotic behavior on a
similar timescale in the orbits of Janus and Epimetheus using
the FLI indicator. This is probably because the relevant
resonant interactions are second-order and also the masses of
Janus and Epimetheus are considerably larger than those of
Prometheus and Pandora (Table 7).
We also ﬁnd, based on the improved numerical model
presented here, that the chaotic interactions between Pro-
metheus and Pandora studied previously by Goldreich &
Rappaport (2003a, 2003b), Renner & Sicardy (2003), Cooper
& Murray (2004), and Renner et al. (2005) are not so clearly
correlated with times of anti-alignment as was apparent using
the observational data available in 2004. This is also apparent
from the resonant arguments: we see no obvious correlation
between times of apse anti-alignment and changes from
libration to circulation or vice versa. This appears to be
consistent with the predictions of Farmer & Goldreich (2006)
who showed analytically using a pendulum approach, and
numerically using the equations of motion for a three-body
system, that chaotic interactions can occur at times other than
apse-alignment and that the system can drift between these
regimes on a timescale of a few years.
Finally, we show that Atlas is simultaneously librating in
both the 54:53 CER and 54:53 ILR with Prometheus, making it
yet another example of coupled CER/ILR resonance in the
Saturn system, in common with Aegaeon, Anthe, and Methone.
We also show that, dynamically, the behavior of Atlas can be
well-approximated by a three-body subsystem consisting of
Atlas, Prometheus, and Saturn only and that this system is
chaotic, with a Lyapunov time of about 10 years. Future work
will involve a detailed analytical study of this system.
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